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ay ay
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Distance squared:
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SECTION 12.8 EXERCISES

Review Exercises

i |
1. Describe the appearance of a smooth surface with a loca 4,

maximum at a point.

dle
2. Describe the usual appearance of a smooth surface at a sad 5.

point.

FUNCTIONS OF SEVERAL VARIABLES

. i inimum
d/or Unbounded Domains Finding absolute mix?“fyz;nilg}) or an
\?asli?o?g function on an open domain ({c()r ex;tmpli,g ; i (J(; } J)’ )pr_eselllS AT GH Al cHal
in (for example, R = 1(x,y):x > 0,y > 0] s, some in-

lenges. Beca

genuity is generally needed.

pen set Find the absolute maximum
XAMPLE 7 Absolute extreme valugs i)n zzm 0 A5

:End minimum values of f(x, y) =4 —x"—y'on the op
R = {(x,y): x* + y* < 1} (if they exist). | | R

You should verify that f has a critical point at (0, 0) o e o
SOLUTIO‘t‘l ou an inverted paraboloid). Moving away from (0, SeRn
doeal ey (Ond rease, so f also has an absolute maximum at (O, )A ;
e~ funf}tllon Yiléliizleeg(x y)" x* + y* = 1}, which is not contained in R. As (x, y
of R is the uni Ly

( ) ase alld apploach 3 bl.l[ never ['CEICEI :? l(hel‘i = .e..f
eldare Xe SE =
i(()t ha)\‘e an abSOlllte IIlIlIlllIllU.m on R- R 1ted f‘ xercises 4 y 52(

i = n absolute maximum
UICK CHECK 4| Does the linear function f(x, y) = 2x<+ 32 hfvg a< s
gr minimum value on the open unit square {(x, y):0 < x 5

i i the plane
XAMPLE 8 Absolute extreme values on an open set Find the point(s) on the p
f + 2y + z = 2 closest to the point P(2, 0, 4).

o] (0] which m hat
i i the plane, which means t
ose that (x, y, z) is a point on =
. ——L%T_l r.: —Sugi The dis(tance between P(2, 0, 4) and (x, y, z) that we s
Z .

minimize is

2
dxyz)=Vx -2+ y + @ — 47 4
s iti i ing d and elimi-
ier to minimize @2, which has the same critical points as d. Squaring
It is easier .
nating z using z = 2 — x — 2y, we have 2 2 ey
ey = @Ena) = @2 +9° (- =2y
, =2x2+ 5y + 4xy + 8y + 8

The critical points of f satisfy the equations »
fr=4x+4y=0 and f,=4x+ 10y +8 =0,

4
1 1 = = y —
whose only solution is x = 3, : e
corresponds to a local minimum of f. We. nox;f la:sk. D;); (3‘,&’ : 2h e
minimum the entire domain of the problem, whi
inimum value of f over

Wi v Wi ue eometll" ]
h: boundary e cannot check values Off on the boundary. IﬂStead, e argue g2 b
as no s

o Exercises
: est P. Relatec
4 4 10). oint on the plane nearest
(5, ik ) is the p

itical poi ction f?
3. What are the conditions for a critical point of a fun _

a,b) = a = f local nax
If-f ( ) f ( b) 0, does it follow that has a g
mor lini i Bl
mum or local minimum at (ﬂ, b)r) Explaln.

ute it?
What is the discriminant and how do you comp

.-
= —% The Second Derivative Test confirms that this poi! i
: i) correspond to the absolufe

6. Explain how the Second Derivative Test is used.

7. What is an absolute minimum value of 3 function f on a set
RinR*»?

8. What s the procedure for locating absolute maximum and mip;-
mum values on a closed bounded domain?

Basic Skills

9-14. Critical points Find all criticq] points of the Jollowing
Junctions,

. fxy) =1+ x4y

10, f(x,y) = 2® — 6x + ¥+ 8y
1. fxy) = @e - 20 + (y — 412
12, f(x,y) = 322 - 4y?

13 fle,y) = x4yt - 16xy

4. f(x,y) = x3 - Y3+ 3xy

15-28. Analyzing critical Points Find the criticq) points of the

agraphing utility,

B. f(x,y) =4 + 252 4 32

16. f(x,y) = (4x — 12 + (2y + 42 +1
17. f(x,y) = —4x + g2 _ 3

8. f(x,y) = x* + ¥ - dx - 32y + 10
. flx,y) = x* + 2y* — 4dxy
B. f(x,y) = xye~
L () = VE T g1
R ) - o,
LB (5y) = 2ayee
B ) =y e xy
B f(x,y) = i g
xy(x —
S, y) = —i’ﬁ—”%)
Hx,3) = yer — v
f(x, y) = sin (27x) cos (ry), for x| = %and Iyl = %

E* Shipping regulations A shipping company handles rectangular
- "9%es provided the sum of the height and the girth of the box does

A lidless box is to be made using 2 m? of card-

- Doard, Fipg the dimensions of the box with the largest possib]e

- Yolume,
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31. Cardboard boxes A lidlegs cardboard box is o be made with 5

volume of 4 m?. Find the dimensions of the box that requires the
least amount of cardboard,

32. Optimal hox Find the dimensions of the largest rectangular box ip
the first octant of the *yz-coordinate system that hag one vertex at
the origin and the opposite vertex on the plane x + 2y + 3z =6

33-36. Inconclusive tests Show that the Second Derivative tegt jy iy,

conclusive when applied to the Jollowing functions ar (0, 0). Describe
the behavior of the function ar the critical point,

3. fla,y) =4+ 44 o 3y 3. f(x,y) = x?y - 3
35, flx,y) = x%y? 36. f(x,y) = sin (x2y?)

37-44. Absolute maxima and minima Fing the absolute maximym
and minimum valyes of the following Junctions on the given sei R,

3. fny)=x 4+ 32— gy 4 LR={(xy:x+y =< 4}

W FE9) = <2 3P4 i
R={(x,y):x+ y* < 6}

39. f(x-y)=4+2x2+y2;
R = {(x,)’)!-l =x=1,-1 =y=1i}

4. flx,3) =6~ 22 ~ g
R = {(x,y):—25x52,—1 =y=1)
4a4. f(x,y) = 2 + ¥+ Ay - 29, R = {(x,y): x? + 3% < 16}

2. flx,y) = 1 + Y= 2x =2y Ris the closed set bounded by
the triangle with vertices (0,0), (2, 0), and (0,2).

3. flx,y) = 2 + 4y + 2x + 4y; R is the closed set bounded by
the ellipse {(x, y): x = 4 cog 0,y =sing, for0 = g < 27},

H flx,y) =V + s Dad Bl B closed half disk

{2 + 32 <4 withy = 0}.

45-48. Absolute extrema on open and /or unbounded sets If possi-

ble, find the absolute maximum and minimun, values of the Jollowing
Junctions on the yer R.

B fry)=2+y -4 p= () +y < gy
. Flry) =2+ 3y R = {(x,y): || < LIyl < 2}
7. flx,y) = 267 R = {(x, Yix =0,y = 0}

4B floy) =22 )% g = {Gay)lel < 1,1yl < 13
49-52. Absolute extrema on open and/or unbounded sets

49. Find the point on the plane x + y + ; = 4 nearest the point
P(0, 3, 6).

50.  Find the point(s) on the cone 2% = x2 + 2 nearest the point
P(1,4, 0).

51. Find the point on the surface f(x, y) = 2 + 2 4+ 19 nearest the ‘
plane x + 2y — ; = Identify the point on the plane. ‘

52, Rectangular boxes with a volume of 10 m? are to be made of
two materials, The materia] for the top and bottom of the box
costs $8/m? and the material for the sides of the box costs

$1/m% What are the dimensions of the box that minimizes the
cost of the box?
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xplorations ‘ _
E;rtgz:)lginpwhy or why not Determine whether the following

statements are true and give an explanati'on or Colf;:f)?ample'
Assume that fis differentiable at the pom-ts m'q ot h
The fact that f(2,2) = f5@2:25=0 1n}p11es tha; T
N maximum, local minimum, or saddle point at (2, )}.}) .8
b. The function f could have a local maximum at (d,
Fy 4 ?E . ve both
- :lifjﬂ?: tr;(;zi{ni?:nﬂadt 1:\10 different points that are no

an absolute maximum afu:tl an
t critical

points.
d. The tangent plang .
sponding to a critical point.

is horizontal at a point on a surface corre-

ur plots Based on the level curves
identify the approximate loca-
and saddle points.

54-55. Extreme points from conto
that are visible in the following grflap_hs,
tions of the local maxima, local minima,

54.

e rectangular box with

56. Optimal box Find the dimensions of th

maximum volume in the first o
and the opposite vertex on the ¢

i —y+
57. Least distance What point on the plane x — ¥
to the point (1, 1, 1)?

ctant with one vertex at the2 origin
Jlipsoid 36x" + 4y + 92 = 36.

z = 21is closest

58 I\lﬁxl““.““ I\'illllllilll!l Of IIIIEal fllllctl()lls Let Ia be a ClOSed
' / ) ax L) Cy heIE a, l;,

in R? and let f(x, ¥ :
nded set in R” an e
21?3 ¢ are real numbers, with @ and b not both zero. (.}wue rf: fnd
metrical argument explaining why the absolute maxim

ies of R.
minimum values of f over R occur on the boundaries

59, Magic triples Let x, Y, and z be nonnegative numbers with

by £ 200.
a. Find the values of x,

b. Find the values of x,y,and z that mmllrm.ze )
¢. Find the values of x, y, and z that maxn.ml'ze %z izz
d. Find the values of x, ¥, and z that maximize x"y“2".

= 1Wlthx20,

P . 2 2 2
y, and z that minimize X + y* + 7
VR F Y2

60. Powers and roots Assume thatx +y t 2
y=0,andz = 0. - f
a. Find the maximum and m%mmurn values 0
1+ (1 + Y+ z) e
b. Find the maximum and minimum values

a+VvxQ+ V) (1 + V).
[Source: Math Horizons (April 2004).]

Applications
{1 61. Optimal locations Suppose
pOil’ltS (xl.: yl)al('xb y’ll?l’ﬂ; 'ta Hikiy
located at a point such tha of the square
between the houses and the substation 15 minimized.
Find the optimal location of the substation in the cas?l t(}]llatl )
N n = 3 and the houses are located at (0, 0), (2, 0), an th,a ; !
b. Find the optimal location of the subst.:a\tlf)n in tk}e case )
. 3 and the houses are located at distinct points (X5, Y1)s
n =
and (x3,3)- o .
e gﬁdytlk)lé optignal location of the substation in the general cas
' of 1 houses located at distinct points (x1, Y1), (X2, Y2)s+ s
I i nd
%;l:] ﬁﬂght argue that the locations found in pa}‘tsl (a.),‘ il;) ;‘ 3
. i hey result from minimizt
are not optimal because ¢
(s»?m of the squares of the distances, not ‘the sum of t:; it
distances themselves, Use the locations In part (z;\)I a\te e min:
the function that gives the sum of the.dlstances. lo o ?
imizing this function is much more d1.fﬁcu1t than 1:;1 epoptimal :
Then use a graphing utility to determine whethe;: e F
location is the same in the two cases. (Also see EX

about Steiner’s problem.)

1 houses are located at the distinct
(x> ¥o)- A powWer substation mlust be
m of the squares of the distances

roximation In its many guises, lea:vt
s vt aprfses in numerous areas of mathfzzlo:;t:;k'
statistics. Suppose you collect data for two var,:abl(e;v (j;)r ot

ioht and shoe size) in the form of pairs -(xl, ¥1), (X2: Y2 ;s .

};";leg data may be plotted as a scatterplot in the x){-plamzs o
the figure. The technique known as 11Eear rcgr”s:;;z:; z;va? L
What is the equation of the line th‘at best fits s o
uares criterion for best fit requires that the sum o, S il
‘:irtical distances between the line and the data poinis .

squares approximation a

y

regression
line

62. Let the equation of the best-fit line be y = mx + b, where the

63.

1164-65. Least squares practice Use the results of Exercise 63 to

find the best-fit line for following data sets. Plot the points and the
best-fit line.

64,

Additional Exercises
66. Second Derivative Test Prove that if (a, b) is a critical point of f

- Ellipsoid inside a tetrahedron (1946 Putnam Exam) Let P be a

* plane such that the sum of the distances |AP| + |BP| + |CP|isa

_ 2m/3 (120°),

- Assume the coordinates of the three given points are A(x,, y,),

12.8 Maximum/Minimum Problems
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dy and show that it is a unit vector pointing along the line be-
tween the two points.

b. Define d, and d5 in a similar way and show that Vi, and Vd,
are also unit vectors in the direction of the line between the
two points.

c. The goal is to minimize f(x, y) = d; + d, + ds. Show
that the condition f, = f, = 0 implies that
Vd, + Vd, + Vd; = 0,

d. Explain why part (¢) implies that the optimal point P has the
property that the three line segments AP, BP, and CP all
intersect symmetrically in angles of 27r/3.

e. What is the optimal solution if one of the angles in the triangle
is greater than 277/3 (just draw a picture)?

f. Estimate the Steiner point for the three points (0, 0), (0, 1),
(2,0).

slope m and the y-intercept b must be determined using the least
squares condition. First assume that there are three data points
(1,2),(3,5), and (4, 6). Show that the function of /m and b that

gives the sum of the squares of the vertical distances between the
line and the three data points is

E(m,b) = [(m + b) — 21 + [(3m + b) — 5]
+ [(4m + b) — 6]2

Find the critical points of  and find the values of m and b that
minimize E. Graph the three data points and the best-fit line.

Generalize the procedure in Exercise 62 by assuming that n data

points (xy, y1), (X2, ¥2), - -+, (X, ¥,) are given. Write the function
E(m, b) (summation notation allows for a more compact calcula-
tion). Show that the coefficients of the best-fit line are

(Zx)(Zo) = nZ
(Baf=nZsd *
b= ;1;(2)'& ~ TR ),

where all sums run fromk = 1 to k = n.

70. Slicing plane Find an equation of the plane passing through the

point (3, 2, 1) that slices off the region in the first octant with the
least volume.

7171, Two mountains without a saddle Show that the following two
functions have two local maxima but no other extreme points
(thus no saddle or basin between the mountains).
B f(x,y) = —( = 17 = (& - &)
b. f(x,y) = 4x% — 2x* — ¥
Source: Proposed by Ira Rosenholtz, Mathematics Magazine
(February, 1987).

(0,0),(2,3),(4,5) 65. (—1,0),(0,6),(3,8) 172, Solitary critical points A function of one variable has the prop-

erty that a local maximum (or minimum) occurring at the only
critical point is also the absolute maximum (or minimum) (for
example, f(x) = x%). Does the same result hold for a function

of hwo variables? Show that the following functions have the prop-
erty that they have a single local maximum (or minimum), occur-
ring at the only critical point, but that the local maximum (or
minimum) is not an absolute maximum (or minimum) on RZ.

a f(x,y) =3xe" — ¥ — ¥

= D v X 1 ) . 1
b' f(x,y) (2)’ y)(e ot 1+x2 1 +x2
This property has the following interpretation. Suppose that a
surface has a single local minimum that is not the absolute
minimum. Then water can be poured into the basin around the
local minimum and the surface never overflows, even though
there are points on the surface below the local minimum.
Source: See three articles in Mathematics Magazine (May

1985) and Calculus and Analytical Geometry, 2nd ed., Philip
Gillett.

at which f (a, b) = f,(a,b) = 0and f,(a,b) < 0 < fyla, b)
or fya, b) < 0 < f,.(a, b), then f has a saddle point at (a, b).

Maximum area triangle Among all triangles with a perimeter
of 9 units, find the dimensions of the triangle with the maximum
area. It may be easiest to use Heron’s formula, which states

that the area of a triangle with side length a, b, and ¢ is

A = Vs(s — a)(s — b)(s — c), where 2s is the perimeter of
the triangle.

plane tangent to the ellipsoid x*/a® + y*/b® + 72/c* = 1 ata
point in the first octant. Let 7' be the tetrahedron in the first octant
bounded by P and the coordinate planes x = 0,y = 0, and

¢ = 0. Find the minimum volume of 7'. (The volume of a tetrahe-
dron is one-third the area of the base times the height.)

Steiner’s problem for three points Given three distinct non-
collinear points A, B, and C in the plane, find the point P in the

an QUICK CHECK ANSWERS |
Minimum. Here is how to proceed with three points, assuming that

the triangle formed by the three points has no angle greater than L fu2,=1) = f,(2,=1) = 0. 2. Vertically, in the directions

(0,0, +1) 3. D(x,y) = —12x** 4. It has neither an

absolute maximum nor absolute minimum value on this set.
B(x,, y,), and C(x3, y3). Let dy(x, y) be the distance between

A(x), ,) and a variable point P(x, ). Compute the gradient of



